Large elastic deformation is used in order to model the mechanics of left ventricular contraction. The active force generated by the myocardium is modeled as force/unit myocardial volume in the mathematical formalism describing the local equilibrium of forces in the myocardium. Expressions for the stress components are derived by assuming a cylindrical geometry for the left ventricle, the total stress is expressed as the sum of a component due to the deformation of the passive medium of the myocardium and an active component induced by the tension in the muscular fi bers. It is shown that knowledge of the tension generated by the muscular fi ber in the myocardium can lead to useful information for the estimation of the pseudo-strain energy function used to express the stress-strain constitutive relations in a non-linear model.
INTRODUCTION
Many articles have been devoted to the study of stress-strain relations in the myocardium and how to formulate a pseudo-strain energy function W that is used to derive the constitutive relations between stress and strain [1] [2] [3] [4] . Previous studies by the authors [5] [6] [7] [8] [9] have shown how the active force developed by the myocardium can be modeled as force generated by unit volume of the myocardium in the mathematical formalism used to describe the local equilibrium of forces. This mathematical approach was successfully developed by using large elastic deformation [5, 8] as well as linear elasticity [6] . For this purpose the total stress in the myocardium is expressed as the sum of a contribution due to the stress generated by the deformation of the passive isotropic medium of the myocardium, and a contribution coming from the stress induced by the active muscular fi bers. A mathematical description of how this splitting is done can be found in the work of Spencer [10] . The approach used in this study is similar to the approach used in some studies in which the pseudostrain energy function W is split into the sum of an isotropic component and an anisotropic component in the form W = W iso + W aniso [11] , the link between the two approaches is evident from what follows. We also show in this study how the calculation of the stress in the myocardium can be based on the knowledge of the muscular fi ber tension T without an explicit knowledge of the pseudo-strain energy function W, which presents a possible way to estimate W as a result of the method of calculation shown in this study.
ACTIVE FORCE OF THE MYOCARDIUM
The myocardium is represented as a thick-walled cylinder (see Fig. 1 & Fig. 2) , with the myocardial muscular fi bers arranged in a helical way in a passive soft incompressible medium assumed to be isotropic. Inertia forces and viscous forces are neglected in the quasi-static approximation used in this study. The unit tangent vector t in the direction of the helical fi ber makes an angle g(r) with the unit vector e q pointing in the circumferential direction and can be expressed in the form (see Fig. 1 Figure 1 : (e r , e q , e z ) are three unit vectors in a cylindrical coordinates system. A unit vector t tangent to the direction of a helical muscular fi ber in the myocardium makes an angle g(r) with the unit vector e q in the circumferential direction. Notice in this case div t = 0 which in conjunction with the result given by Peskin [12] allows one to express the active force/unit myocardial volume in the form
where T(r, z) is the tension/unit myocardial area generated by the muscular fi bers, d/ds = t·∇ with ∇ standing for the gradient symbol which in cylindrical coordinates is given by
The unit vectors in cylindrical coordinates are given by e r , e q and e z . Performing the differentiation on the right hand side of eqn (2) gives the following results
The active stress tensor q (components q ij ) represents the stress components in an orthogonal cylindrical coordinate system induced by the muscular fi ber stress T(r, z). By taking into consideration eqn (1), the components of the active stress q ij = T t ij (see [13] ) are given in a cylindrical coordinate system by the following relations: 
The relation between the active force/unit myocardial volume D= (D r , D q , D z ) and the active stress tensor q can be obtained by using Gauss theorem. The traction force F a acting on a closed surface A enclosing a volume V inside the myocardium can be expressed in the form
Consequently the active force/unit myocardial volume can be expressed as
We take into consideration eqn (5) and the fact that the solution is independent of the q-coordinate (symmetry around the z-axis). The expression of the divergence in cylindrical coordinates (see [8] ) gives 2 2 (cos ) ( , , ) (sin )(cos ) (sin )
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3 QUASI-STATIC EQUILIBRIUM CONDITION We assume symmetry around the z-axis (solution independent of q). Under this assumption the total stress components t ij must satisfy the quasi-static equilibrium condition div t = 0, which in cylindrical coordinates is expressed as follows:
We shall simplify the problem by assuming that t zr and t zq are independent of z variable, which gives
The boundary conditions for the radial stress on the surface of the cylinder can be expressed as follows:
We now use the decomposition t ij = s ij + q ij . By using eqns (9), eqns (10) can be written in the form
The force/unit volume of the myocardium D r appearing in eqn (13a) is similar, but not identical, to the introduction of the derivative of a hydrostatic pressure in eqn (26) of reference [14] . Another, but different, attempt to divide the stress in the myocardium into two components can be found in [15] . Some simplifying assumptions concerning the dependence on the z variable will be introduced. By noting that t rq = s rq (q rq = 0), t rz = s rz (q rz = 0) and t rr = s rr (q rr = 0), one can write by referring to eqns (11) and (12) 
Two useful relations that we shall apply in our calculations are: fi rst the moment of forces M around the z-axis is assumed zero (no external moment applied around the z-axis).
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where x is the traction on the cross-section and it is assumed to vary linearly over the cross-section
We have taken in our calculation the stress at the endocardium x end = 0.5P i and at the epicardium x epi = -0.01P i based on estimate of the average traction
4 DEFORMATION GRADIENT The thick-walled cylindrical structure representing the left ventricle is supposed to have a stress free confi guration with coordinates (R, Θ, Z), at end-diastole the cylindrical coordinates are represented by (r ed , q ed , z ed ) and fi nally by (r, q, z) during the systolic phase. The coordinate transformation from one confi guration to the other is expressed as follows:
The two preceding equations can be combined together to give
The deformation gradient F 1 for the transformation (R, Θ, Z) → (r ed , q ed , z ed ) can be expressed as follows (see [2] ):
The deformation gradient F 2 for the transformation (r ed , q ed , z ed ) → (r, q, z) is given by 
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The deformation gradient F = F 2 * F 1 of the combined transformation is given by
By assuming that the contraction takes place at constant volume, the incompressibility constraint is expressed as follows:
where I 3 is the third invariant of the matrix F. By calculating the determinants in eqn (26), equating to one and then integrating we get
The constants in eqns (27)-(29) are defi ned as follows:
The inner radius is R i in the stress free confi guration and r i during the systolic phase. The helical confi guration of a muscular fi ber in the myocardium is supposed to be confi ned to a cylindrical surface. A unit vector t in the direction of the fi ber in the deformed confi guration will make an angle g(r) calculated with respect to the circumferential direction (see Fig. 1 ), in the stress free confi guration the corresponding unit vector is t o and the angle is g o (r), the relation between these two vectors are given by 1
where l f is the stretch ratio in the direction of the fi ber. By using eqn (25) we can write
We can model fi rst g o (r) and then use eqns (31, 32) to calculate g(r). But in view of the method of calculation we are going to use later on, it is easier to model directly g(r) and then to calculate back g o (r) at the end if needed. Consequently we shall assume directly either a linear variation for g(r) across the myocardium of the form 
or a cubic variation of the form [16] 
In our calculation, we have taken g end = 35° and g epi = -35°. The radial variation for these two models is shown in Fig. 3 . l f can be calculated from eqns (31) and (32) by eliminating cos(g o ) and sin(g o ) from these two equations.
5 CONSTITUTIVE RELATIONS The relation between stress and strain is expressed with what is called constitutive relation. It is expressed by calculating the left or right Cauchy-Green deformation tensors, respectively, B = F*F T or C = F T *F. In this study we shall use the model of Humphrey and Yin [1] which focus on a subclass of transverse isotropic material with pseudo-strain energy function W given by
where I 1 is the fi rst invariant of the matrix B, I 1 = tr(B). Written explicitly the expression of B becomes By using eqn (36) the Cauchy stress tensor t can be expressed as follows (see [1] ):
where W I1 = ∂W/∂I 1 and W lf = ∂W/∂l f , p is a Lagrange multiplier introduced to express the incompressibility condition that the contraction of the myocardium is assumed to take place at constant volume. By writing the total stress t ij = s ij + q ij it is possible to split eqn (37) into two parts. The fi rst part has the form
where s ij is the stress resulting from the deformation of the isotropic passive medium of the myocardium, and the second part has the form , with
where q ij is the stress induced by the muscular fi ber tension T(r, z) and refl ects the directional character of the stress. Equation (38) can be written in explicit form as follows:
In the applications that follow, we shall neglect dc/dR and dw/dR that are relatively small. This simplifi es the numerical procedure of calculation used in what follows.
MATHEMATICAL PROCEDURE OF CALCULATION
The numerical procedure used in what follows avoids an explicit knowledge of the pseudo-strain energy function W (I 1 , l f ) . If the values of the fi ber tension T are known, then we can calculate directly D r , s zq and s zz from eqns (4a), (17) and (18). We then proceed by eliminating -p and W I1 from eqns (42-45) and we get 
Equations (46) and (47) 
These two values are then substituted in eqn (46) evaluated at r i and r o with the boundary conditions given by eqn (15) . We get the two following relations:
where
The two roots k q and k z of eqns (52) and (53) are calculated by using Newton iteration procedure. For this purpose we calculate the Jacobian
We start with an approximation of k z and k q . The iteration process is expressed in the form
which gives the values of k z and k q at the (j + 1)th iteration in terms of the preceding jth iteration.
Having calculated these two parameters we can then calculate α and y. s rr is then calculated from eqn (46) and sfrom eqn (47).
7 NUMERICAL APPLICATIONS The three simulations described in what follows follow the same steps of calculation. Simulation #1 is based on data for the fi ber tension T calculated from Fig. 7A of Feit [17] , and simulations #2 and #3 are based on data of T/P i calculated from Fig. 5 of Chadwick [13] who uses in his simulation the same dimension r o and r i reproduced from Feit. Consequently the three simulations use the same values for the outer radius r o = 3.38 cm, the inner radius r i = 1.02 cm and length l = 3.06 cm.
Simulation #1
A linear variation of g(r) is assumed (see eqn (33)). The radial contraction force D c = -D r is positive during the systolic phase or late diastolic phase and it is calculated from eqn (4a), both T and D c are (17)) and s zz (see eqn (18)) with r is shown in Fig. 5 , s zq = 0 for r z = 2.2 cm which is used to calculate R z in eqn (48). We have taken in our calculation the inner pressure P i = 10 mmHg from the work of Feit [17] and we have assumed that the outer pressure P o ≈ 0.05P i . The corresponding dimensions in the stress free confi guration were estimated as R o = 3.48 cm and R i = 1.15 cm, s rr = t rr (q rr = 0) and sare calculated as indicated in Section 6 and the results are shown in Fig. 6 together withand t=+ s. Calculated values of k q = −0.4699, k z = 0.9350, α = 1.0603 and y = 0.1011. Finally the variation with respect to r of W ln and W I1 is shown in Fig. 7. 
Simulation #2
A linear variation of g(r) is assumed (see eqn (33)). The radial contraction force D c = −D r is positive during the systolic phase or late diastolic phase and it is calculated from eqn (4a), both T/P i and D c are plotted against r in Fig. 8 . The variation with respect to r of s zq (see eqn (17)) and s zz (see eqn (18)) is shown in Fig. 9 , s zq = 0 for r z = 2.2 cm which is used to calculate R z in eqn (48). We have Figure 6 . Simulation #1, radial variation from endocardium to epicardium of the radial stress s rr (left), and of the circumferential stress(+), s(x) and (*) t=+ s(right). taken in our calculation the inner pressure P i = 1 mmHg based on the work of Chadwick [13] and we have assumed that the outer pressure P o ≈ 0. The corresponding dimensions in the stress free confi guration were estimated as R o = 3.455 cm and R i = 1.08 cm, s rr = t rr (q rr = 0) and sare calculated as indicated in Section 6 and the results are shown in Fig. 10 Fig. 11 .
Simulation #3
A cubic variation of g(r) is assumed (see eqn (34)). The radial contraction force D c = −D r is positive during the systolic phase or late diastolic phase and it is calculated from eqn (4a), both T/P i and D c are plotted against r in Fig. 12 . The variation with respect to r of s zq (see eqn (17)) and s zz (see eqn (18)) is shown in Fig. 13 , s zq = 0 for r z = 2.2 cm which is used to calculate R z in eqn (48). We have taken in our calculation the inner pressure P i = 1 mmHg based on the work of Chadwick [13] and we have assumed that the outer pressure P o ≈ 0. The corresponding dimensions in the stress free confi guration were estimated as R o = 3.455 cm and R i = 1.08 cm, s rr = t rr (q rr = 0) and sare calculated as indicated in Section 6 and the results are shown in the curves for W ln and T (or T/P i ), which is due to the fact that the stretch ratio l n is varying around unity (see eqn (39)). The calculation of the components of the stress has been carried out without explicit knowledge of the pseudo-strain energy function W(I 1 , l f ). The next step is to study a procedure by which one can recover W(I 1 , l f ) from the knowledge of the partial derivatives W lf and W I1 .
8 CONCLUSION The total stress in the myocardium can be split into two components, a component due to the deformation of the passive isotropic medium of the myocardium and a component induced by the active muscular fi bers T. By using this approach we have been able under some assumptions to derive these www.witpress.com, ISSN 1755-8336 (on-line)
